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ABSTRACYT

PART I

The several statisticol approachos to the problem of
signal detoctability which have appearcd in the literature aro
shown Lo bs osscntinlly equivalent. A general thoory based on like-
lihood ratio ombraces tho criterion approach, far eithor restricted
falso alarn probability or minimum woighted error type optimam, and
the a posteriari probability approach. Receiver roliadility is
showvn to be & function of the distribution functicns of likelihood
ratio. Tho oxistenco and uniquoness of solutions for the various
approachos is proved under goneral hypothesis.

PART 1I

Ths full powor of the thoory of signel detectability can
be appliod to dotection in Goussian noise, and several genoxal 1o~
sulte are given. Bix specinl cages aro considered, and tho
exprossionn for likelihood ratic arc dorived. Tho resulting opti-
mm receivors are evolunted by the distribution functions of the
1Zlelihood rotio. In two of the apecinl cases studiod, tho uncer-
tainty o7 the slignal onsomble can be varied, throwing sams light on
the e?fect of uncertainty on probability of detsction.

e - PP

> .

ey

n b s&ﬂhﬁ.ﬁ&ﬁ il oAt

- oat

2




Ty o e s

ACKNOWLEDGEMEIS

In the work reportsd here, the authors have beon in-
fluenced greatly by their association with tho other members of
the Electronic Defense Group. In pariicular, Mr. . W. Batlen
contributed much to the early phases of tho work on signal
detectability. The authors are indsbted to lbr, W. C. Fox ard Mr,
Paul Roth for the proofs of Lorma 1 and Lomma 2 in Appendix B
and also to Mr. Fox for the proof of Lemma 4 and for the many
helpful suggestions end corrections resulting from his caroful
reading of the text,

The authors alsc wish to acknowledge their sndebted-
ness to Lr. A. B. Macnee, Dr. H. W, Welch, and Mr. C. B, Sharpe
Zor the many suggestiors cesulting from their resding the report,
and to Geraldine L. Preaton for her assistance in the prepara-
tion of the taxt.

vl




Wﬁ}g@mi’ﬂf%ﬁﬁm,ﬁ?}m N R A W i B R T TS T A D TR N S0 Y Gy e 1 R GH T SA R

- - ENGINEERING RESEARCH INSTITUTE -+ UNIVERSITY OF MICHIGAN

THE THEORY COF SIGHAL DETECTABILITY

PART I. THE GENERAL THECRY

ISSUED SEPARATELY:

PART XI. APPLICATIONS WITH
GAUSSIAN NOISD

1, Concepts and Thoorotical Rosults

1.1 Intrcduction

Rendom intorferenco plays tho koy rolo in the thecor, of cimal dctec-
tability. I{ not only yp.ecos 2 limit on the onorygy which e signal mst heve to
bo dotectod reliably, but 1t alsu limits the bandwidth of a roceivor for strong
signale, or gonexally the voricty of signnls vhich can be dolected consistently
in a givan receiver. Part I of this rcport prosents the basic theory of detecting
oignalo in randem intorferonce and Part II applice it to some cinplc prevlcoms in
dooien and ovaluntion of receivers,

The gipnol dotectability problem 18 roprosented schomatically in
Fig. 1.1. The oporator has availeble a voltage varying with tims, which will be
roforrod to as the rocoiver input. This voliapro 15 in eome way different wien

e oignal is provent frca whon thore io noise alone.
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[ TRANSMITTER (—{ NOISY CHANNEL RECEIVER — OPERATOR
RECEIVER
INPUT
FIG. 1.1. BLOCK DIAGRAM OF SIGNAL DETECTION PROBLEM.

Tho rocoiver is tho opnrator's tool or analyzing systom, 1t cnables him to gtudy
the input to tho rocoiver by obnerving the recoiver output. U can use tho
roceivor input to his advantage anly if (1) the rocoiver input is different
vhen thoro io & signal than when thers io no signal, and (2) ho knows onough
about the olgnals ond the noise to analyze the input sc ac to recognizc the dif-
forence. The oporator can do botter than random gueosing in dociling whother or
not thore is a signzl proesont only when ho has information atout the eignals,
the noise, snd his receiver; this must be recognized before treating tbio prodb-
lem. The information about the sigril and about tho noise {s wsually of o
statiatical nature bucauso of the randem nature of noise, and the wncoriainty ao
o the exact signal that will be transmitted.

Signol detoctability has boon rocognized as a statistical problam hy
a naver of authoro.l Thore have boen two dictinct appronches to +he pr.ulaonm.
Tho : irst, the cr'imiiu: ppronch, !/ f'vi L proncnieg in Trear ol Signel by

2
J. L. Lovsson and G. I. Uhlenbeck. The second, wsing a posteriori probability,

1

laviscn and Uhlanbeck, Ref. ); Wocdward and Davies, Rofs, 2 3, 4, and 5; Reich
unfl Swerling, Rei. 6; Middleton, Ref. 7; Slnttory: Rof, 8;'Eax'me: Ref.Sé;
lichwartz, Ref. 10; Horth, Ref. 11; Koplan and Fall, Rof, 12,

2ravoar asd Ublonbeck, Roi, 1,
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weos ptudied by . M. Woodward and I. L. Dt:.v:loo.:L The daifforence betweon tho

two methods lios mainly in the approach. Doth are presentod in thio report,

and the very closc connection between the results of tho iwo will bo demonatratad
in Section 2; namely, the basic roceiver required can be the saus for either
cago, only the final ronnor of onalysis and presentation of the output is diffor-
ent. The criterion approach requires less of thio analysio, and hes beon given

more attontion in thic report bocause it is somowhat simpler.

1.2 Dstectability Criteria

Supposc tho oporetor 18 rocuired to guess vhother or not thare ies a
oignal precent. He will, for cortain rece.ver inputs, say that & signal ie
preoont.2 Such roceiver inputs vill be said to satisfy the critorion, or t»n be
in the criterion. Those receivor inputs which load hin to guess that thore is no
signal prooent are not in the critorion.

~horo are two distinct kinds of errors vhich tho oporator may make.
He may say therc is a signal presont if thore is only nolse; thic 1o a false
alarm. He pay oay thero is only noise vhen signal plus noise io presont; he
missoo the oignal. Ono of theso errors may be more sorious thasn the other, aoc
that thoy must be considered separately.

1t will be convenient 10 use the ordinary notaticn of prcbability

theory. Events will bo roprescnted by lotiers, and in particular, the following

symbols will bo uscd for the following events:

lpavies, Rof. 2., and Woodward and Davies, Ref. 3.

(2l
“Ye shall agsume tho operator ic sciontifically logical, i.e., for the seme
receivor inpul he will always glve the same responsc. An alternative approcch

15 deseribod in Appendix A.
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SN There is sirnal plus noise

N There is neisc alone

A The operator onyo thore io a sipnal, L.c., the rcceiver inpa-
{6 in thec criterion

CA *he operator cayc thero iu only noisc, i.c., the rcceciver

inpat io not in the criterion.

if 2 and C arc events, P(B) ic tho probability of occurrence of cvent
B, P(B-C) io the probability of cccurrence of events B and C topethor, and I'n(C) ‘ (
1s the (conditional) probability of occurrence of event € if cvont 2 is known ;
to occur.

From the statistical information given about the eignol and the inter-
feronce it twurno out to bo convonient to calculato P, (A) and Py (A), becouse
those quantitice do not deopord upon the o priori probability that a sigiel ig

prosent. This will bo done in Part 1I of this report for some interosting ceses.

If these probabilities, Iy:(A) and Po“.'ﬂ.) are givon ac well us P(Slf), the a »riori
probability that a signel fo prosent, then the probability of any combination of
the events in this dincussion can Le calculnted. In fact, any three (alpcbrai-
cally) independent probabilities can be usod to calculato cll the others, That
thore are just throe (al sbreic-}lv) independent probebilitics can be ccen Ly
noting that all of the csents discussed are cambinatiens of tha four evonts Sl-A,
l+A, SH.C4, and {-CA, and eny probablilitioo can be calculated from tho protabili-
tice of theoe four. But the cum of the probabilitics of these four is unity, oo

only thres ol these are indopendent. Thus, for examnle,

P(oi*a) = P{SH) Pgu(A) , i

PGa) = {1 - p(o0)] pya),
P(SN:CA) = P{SH) Pgy(CA) = P(SH) [1 - ps”(,\)] , (1.1) | :
P(A) = P(SI.A) + P(H-A), f

p(sy) - LSIA)

P(A) sClC,

———— e e e - _
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L2 4 conteriord Probebilivy and Siginl Detectobility

As an alternative to requiring the »perator to suay whether a signal 1o
sruneal wr not, the operator might be ashed what, to the best of his knowledge,
19 the probebility that a sipnal ia precont. This approach has tho advantage of
cetiing more informntion from the receiving cquipment. In fact Woodward und
Davice point cut that if the operator makes tho best possible cotimate of this
probability for each posoible transmitted mecocapge, ho ie supplying all the infor-
metion which hic cquipment can pive him.l The mothod of making the best cstimate
of the o posteriori probability that o oipnal is prosent will be discusoed in
this report. A 300d diecussion of thio approech is also found in the original
papers by Woodward and Davion.2

It 18 ehown in Section 2 that tho a posteriori probability is given by

the fclilowing equation:

£(x) p(sn)
f{x) P(SH) + 1 - P(8BN)

P, (S} (1.2)

wvhore Px(S”) io the o posteriord probability for tho recciver input denoted by

» and £(x) 1o the likelihood ratio for the same recoiver input. Likelthood
ratio for a particular receivor input is usually definod as the ratio of prota-
bility donoity for that recciver input if there is oignal plus noiee to the
probability density i there is noisc alone, It is a measure of how likely that
receivor input {s when there 1s eignel plus noise a8 compared with v .en there is
noise alone. It is & random variable; its value depends upon what the recsiver

input happens to be. If a receivor which has likelihoad ratio ao its output

l'Rcf'. 3.

e, 2, 5, b, and 5.
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can bo built, and if the a priori probability P(SN) 1o known, a posterlorl probe-
bility can bo calculatod easily. Tho calcuistion could be built into tho rucuiver
calibration, making the receiver an uptimum roceivor for obtaining a posterior!

probability.

1,4 Optimm Criteria

An important question is whether or not it is poseible to find the
optimum criterion for a given eituation. A first step toward the ancwor io to
define what 1s moant by optimm, and this definition depands upon the situation.
It may be possible to put a numerical value upon the correct responsos and a

numerical cest on the erroxrs. Suppose

VSN-A = Value of the corroct rosponse SH-A
Vij.ca = Wslue of the corroct responso N-CA
(1.3)
Egn.ca = Cost of the error SN-CA
Ky.p = Cost of tho error N-A
Than
V = . . - . - K .
vﬂN.AP(SN A) + VN'CAP(N CA) KSII-CAP(SN CA) }m.AP(N A) (1.%)

is the expocted wilue of the response of the equipment for a given eriterion.
An optimum criteritn thon would be one which would maximize this exproegsion.

Sincs the later soctions will calculate PN(M and Pgi.(A), it will bo an advantace

to oxpress the expocted value V of the regpoangs in terms of these quantitios.
Vo Vg 28 () + vy o - pem] 1 - b))
- Ksir.caT(5N) [l - I’su(‘\)] - KH'A[I - P(s")] Ry (a)
Vo By (R} BOSH) (Vg o+ By o) - By(a) 1 - (o) Mi.ca * Ka)

+ Y [‘ - V(6N ] - I
n-ca L* (n) Kgpiecp £(SH).

LY - - 6

e —————— e

o — x

5
SRRl

GHY pes pemn g e ewr g e st - e 2

FUNTSRIEY




. e~ O

—  ENGINEERING RESEARCH INSTITUTE - UNIVERSITY OF MICHIGAN  —-

ihus maximizing V io squivalont to requiring that
PSIE(A) - § Py(A) 1o o maximum, vhore
(1.6)

1-p) Vheca tKya) .
TN T +Kk 3
(sK) ( SN-A SN.cA’

Hote that P(SN) is the a priori probability that tiere is a signal pressnt.
In another casc it may be required to limit the probability of o falsc

slarm and to minimize the probability of a misso. signal with this restriction.
In symbols, it im required thet,

P(I.A) S Po

P{(SK+CA) is & minfmum, 1)
This also ¢an be expressod in terms of PH(A), PSH(A), and the a priori probability
P(SN):

P(NA) = [1 -P(sn)} Py(A} & Po, or PN(A)S k = 3 and

Po
X -PIPN) ?
(1.8)
P(SN'CA; = P(SH) [l - PSN(A)] is & minimm, 1i.e., PSH(A) is a maximm,

1.5 Theoretical Rosults

Both of the above problems of finding an optimm criterion will bo
discussed in later sectioms, and it will be shown that under very general
canditions both problems have ossentially the same solution. The optimum cri-
torion cousists of all recoiver inputs with likelihood groator than same number f.
For the firct type of optimm criterion, p 1s the parameter in Eq. (1.6), and for
the secand type of criterion, f can be detormined from the vnlus of the parameter
k in Eq. (1.8). It has already been mentioned that a posteriori probability is
the simplo function of likelihood ratio given in Eq. (1.2). Thus & receiver which
could calculate the likelihood ratio for each recciver input can »e used as an
2 ,untoriori probobility typc receiver or as either of the critorion type

r
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recoivors. Part IT o this report, which treats same opscific caoon, dealo

only with tho likelihood ratio.

1.6 Rcceivor Evnlunticml

.

Usvally a receivor io judged on the baoia'of probability of false
alarm if 2o signal is sent, i.6., Py(A), and the probability of dotection If o
signal is sont, PS“(A). Tho reliability of any receiver in any given cituatfion
cL» be summarizod in one greph, called the receiver operating characteristic, on
vhich PSN(A) is plotted agninst PN(A). For any criterion and any fixed set of
eigals, thero is fixed value for Pg(A) and a fixed value for Py(A). Thus the
criterion can be reprosented o & point on the recoiver opurating characteristic
greph, A critorion-trpe rocoiver may oporate at eny level (i.¢., any value of
B ar any valuo of K), and henco io represonted by a curve. Two types of op.'mun
criteria have been discussed, and tho graph points up the relsticn betwoon
ths two. In Fig. 1.2 curve (1) 1s based on optimm oporation for which PSN(A) is
mximized for PN(A) fixod. Thus, no rocejver can opercte above the firatl curve.
The third curve is a lower limit in operation founi by rotating tho opiimum
curve about the center point of the graph; it would result if an optimum roceiver
operator minimized PSN(A), i.e., caid no vhenover ho chould say yes, and vice
vorea, No roceiver, no mattor how poor,can be mnde to operate be.ow the third
curve. Tho diagonal could he achieved by turning the rocoiver off and guossing,
in which caee Py (A) = Py(A).

In tho next section it will be shown that the derivative of curve (1)
cketched in the lower plot, is tho operating level 5 or tho optimum

vocoiver;

that 1s, 1f the clope at same point 15 §, then the corresponding optimum criterion

1
Only evalustion of criterion type roceivers is ciscucoed

i cd here. Ew o
a postorlori probability type recoiver ic considered in Section 2; ‘\)f'iluntion o

&
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